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1. Introduction 

A projective algebraic manifold M is a complex manifold in certain pro- 
jective space CP*", m > dim^; M = n. The hyperplane line bundle of CP™ 
restricts to an ample line bundle L on M, which is called a polarization 
on M. A Kahler metric g is called a polarized metric, if the corresponding 
Kahler form represents the first Chern class ci{L) of L in H'^{M,Z). Given 
any polarized Kahler metric g, there is a Hermitian metric h on L whose 
Ricci form is equal to ujg. For each positive integer m > 0, the Hermitian 
metric h induces a Hermitian metric hm on L"^. Let {S^, • • • , S^_^} be an 
orthonormal basis of the space H^{M, L™) of all holomorphic global sections 
of L*". Such a basis {S^, • • • , S'^^_^} induces a holomorphic embedding 93^ 
of M into CP'^"^^^ by assigning the point x of M to [Sq'{x), • • • , S'^^_^{x)] 
in CP"'""^. Let gps be the standard Fubini-Study metric on CP'^™"^, 
i.e., ojfs = ^^^^^dlogY^'l!!!:^^ \wi\^ for a homogeneous coordinate system 
[wq, ■ ■ ■ -.Wd^-i] of CP'^'""^ The ^-multiple of gps on CP'^"'~^ restricts to 
a Kahler metric —y^mdFS on M. This metric is a polarized Kahler metric 
on M and is called the Bergman metric with respect to L. 



One of the main theorem in |11] is the following 
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Theorem (Tian). With all the notations as above, we have 

-'fm9FS - g\\c^ = 0{ 



m \/m 



for any polarized metric on M with respect to L. 

Using Tian's peak section method, Ruan [l^ proved the C°° convergence 
and improved the bound to 0(^)- Recently, S. Zelditch ||l^ beautifully 
generalized the above theorem by using the Szego kernel on the unit circle 
bundle of L* over M. His result gives the asymptotic expansion of the 
potential of the Bergman metric: 

Theorem (Zelditch). Let M be a compact complex manifold of dimension 
n ( over C ) and let (L, h) ^ M be a positive Hermitian holomorphic line 
bundle. Let x be a point of M . Let g be the Kdhler metric on M cor- 
responding to the Kdhler form iVg = Ric{h). For each m £ N, h induces 
a Hermitian metric km on L™. Let {5"™,--- be any orthonormal 

basis of H^{M,L"^), dm = dim. {M , L"^) , with respect to the inner product 



{Sl,S2)hm= hm{Si{x),S2{x))dVg, 
J M 

where dVg = is the volume form of g. Then there is a complete asymp- 

totic expansion: 

dm- I 

(1.1) Yl \\Sri^)\\L = «o(x)m- + ai(x)m-i + a2{x)m^-^ + ■■■ 

for certain smooth coefficients aj{x) with = 1. More precisely, for any k 

dm -I 

II ^ \\Sr{x)\\l^-Ya,{x)m--^\\c.<Cn,km--'', 

i=0 j<R 
where Cjik depends on R,k and the manifold M. 



Remark 1.1. The referee informed the author that Professor D. Catlin has 
also obtained the above Zelditch's result independently. 

In this paper, we give a method to compute the coefficients oi (x) , 02 (x) , • • • 



(00(2;) = 1 was pointed out in |12| in a more general setting). Our result is 



Theorem 1.1. With the notations as in the above theorem, each coefficient 
aj{x) is a polynomial of the curvature and its covariant derivatives at x with 
weight j Such a polynomial can be found by finite many steps of algebraic 



^See Definition 2.1 



operations. In particular, 

ao = l 
ai = \p 

as = Up + -L(|ii|2 - 4|i?ic|2 + 3p2) 
03 = g AAp + ^ div div {R, Ric) — ^div div{pRic) 
+^A(|i?|2 - 4|i?zc|2 + 8p2) + _ 4|^,c|2 + 

+ j^(a3(i?zc) - Ric{R, R) - R{Ric, Ric)), 

where R, Ric and p represent the curvature tensor, the Ricci curvature and 
the scalar curvature of g, respectively and A represents the Laplace operator 
of M . For the precise definition of the terms in the expression of 03, see 
Section 5. 

We use the peak section method initiated by Tian in [0] to compute the 
coefficients aj{j E N). Consider H^{M,L'^) for m large enough. Fixing a 
point X E M, by the standard 9-estimate Tian observed that the sections 
which do not vanish at x at a very high order are known in the sense that one 
can completely control their behavior around the point x. These sections 
are called peak sections (in the terminology of |11|). We proved that the 



coefficients ai, 02, • ■ ■ only depend on the inner products of the peak sections. 
Various techniques are used to give the asymptotic expansion of these inner 
products, including some combinatorial lemmas, to simplify the computation 
and thus make the computation feasible. 

Zelditch's work is based on the analysis of the asymptotic expansion of 
the Szego kernel on the unit circle bundle of the ample line bundle over a 
complex manifold. To be more precise, let C be the unit circle bundle and 
let Il{x,y) be its Szego kernel (with the natural measure). Since C is 
invariant, we have Fourier coefficients 



Um{x,x)= [ e-'"'^U{rgx,x)de, 



'S 

where rg is the circle action. The key observation by Zelditch is that 

dm-l 

J] \\Srix)\\l^=Umix,x). 

i=0 

Thus the general theory of Szego kernel can be applied. 

There are a lot of works on the Bergman and Szego kernels on the pseu- 
doconvex domain on C" ( S 0], @, [Q] and for example) following 
the program of Fefferman H]. While our method is completely complex- 
geometric, it should also be possible to compute the coefficients from the 
general theory of Szego kernel. In particular, we noticed the works in 
and 0, the coefficients are proved to be the Weyl functionals of the curva- 
ture tensor of the ambient metric defined by Fefferman. But I don't know 
how to relate it to the curvature of the base manifold. 

The organization of the paper is as follows: in §2 we introduce the concept 
of peak sections initiated by Tian and discuss their properties; in §3 we give 
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the iteration process; in §4 we prove the main theorem of this paper except 
for the computation of the 03 term; and in §5 and in the Appendix we 
calculate the 03 term. 

Acknowledgment. The idea that peak section method can be used to 
get the result is from G. Tian. The author thanks him for the encouragement 
and help during the preparation of this paper. He also thanks S. Zelditch for 
sending him the preprint |12] and bringing him to the attention of the works 
of K. Hirachi. The author thanks K. Hirachi, L. Boutet de Monvel and D. 
Phong for their help. Finally, the author deeply thanks the referee for the 
careful proofreading and many suggestions to improve the organization and 
the style of this paper. 



2. Peak Global Sections 

Let M be an n-dimensional algebraic manifold with a positive Hermitian 
line bundle (L, h) M. Suppose that the Kahler form ujg is defined by the 
curvature Ric{h) of h. That is, fixing a point xq S M, under local coordinate 
(zi,--- ,Zn) at Xo, 

a,P=l P a,/3=l 

where a is the local representation of the Hermitian metric h. 

Let d = dm = dim(j~i H^(M, L"*) for a fixed integer m. Let Sq, - ■ ■ , Sd-i 
be a basis of H^{M,L"^). The metrics {h,ujg) define an inner product (, ) 

on H^{M,L"') as 

{SA,SB)h^= I <SA,SB>h,„dVg, A,B = 0,--- ,d-l, 
Jm 

where < Sa, Sb >hm is the pointwise inner product with respect to hm and 

dVg = 

We assume that at the point G M, 

5o(2;o)/0, 5a(2;o) = 0, ^ = l,---,(i-L 

Suppose 

FAB = {SA,SB)h^. A5 = 0,---,d-L 
Then {Fab) is the metric matrix which is positive Hermitian. Let 

Fab = ^ GacGbc 
c=o 

for a d X d matrix {Gab) and let {Hab) be the inverse matrix of {Gab)- 
Then it is easy to see that {X^bLo HabSb}-, = 0, • • • , d — 1) forms an 
orthonormal basis of H^{M, U^). By the definition of = 0, • • • , d — 1), 
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we have 
(2.1) 



d-i 



A B A A=0 

Suppose (Iab) is the inverse matrix of (Fab)- Then by the definition of 
(Hab), we have 

d-l 

(2.2) E l^^ol' = ^00- 

a=o 



By the above discussion, we know that in order to prove Theorem 1.1 



we just need to estimate the quantity Iqq and llS'oH/t^ at xq for a suitable 



choice of the basis So, ■ ■ ■ , Sd~i- We use Tian's peak section method in |11] 
to get the estimates. 

We construct peak sections of L'^ for m large. Choose a local normal 
coordinate (^i, • • • , Zn) centered at xq such that the Hermitian matrix (g^-j^) 
satisfies 



(2.3) 



l(^o)=0 



9zf • • • dzl^ 

for a, /3 = 1, • • • , n and any nonnegative integers pi, • • • , Pn with pi + ■ ■ ■ + 
Pn 7^ 0. Such a local coordinate system exists and is unique up to an 
affine transformation. This coordinate system is known as the X-coordinate. 
See |] or [0] for details. 

Next we choose a local holomorphic frame cl of L at xq such that the 
local representation function a of the Hermitian metric h has the properties 

Qpi-\ hPuQ 

(2-4) a{xo) = l, g^p, _ _ g^pJ xo)=0 

for any nonnegative integers (pi, • • • ,Pn) with pi + • • • + Pn 7^ 0. 

Suppose that the local coordinate {zi, - ■ ■ , Zn) is defined on an open neigh- 
borhood U of xq in M. Define the function \z\ by \z\ = y^|zip + • • • + l^^nP 
for z G U. 

Let Z" be the set of n-tuple of integers (pi, • • • ,Pn) such that pi > 0(i = 
1, • • • ,n). Let P = (pi, • • • ,Pn). Define 

(2.5) = zf • • • zP- 

and 

p = pi-\ hPn- 

The following lemma is proved in |11] using the standard 5-estimates (see 
e.g. i). 



Lemma 2.1. For P = (pi, ■ ■ ■ ,pn) £ Z", and an integer p' > p = pi + ■ ■ ■ + 

Pn, there exists an mo > such that for m > rriQ, there is a holomorphic 
global section Sp^m in H^{M,L"^), satisfying 

I \\Spm\\l dV„ = l, I WSpmWl dVq = 0{-^), 

and Sp^rn can be decomposed as 

Sp,m = Sp^m + up,rm {Sp^rri andup^m not ncccssarily continuous) 
such that 

s ^,)-/ + xE{N<i^} 



and 



Up,m{x) = Oi\z\^P') XGU, 
WP,m\\lyVg = 0{-^), 



where 0{-^^^) denotes a quantity dominated by C jrr?"^' with the constant C 
depending only on p' and the geometry of M . Moreover 

\-2 / I P|2 m-i^r 

Ad = I \z \ a aV„. 

□ 



^p — I \^ \ U U,V g. 



Because of the above lemma, in the rest of this paper, we wiU use S'p, 
to denote the peak sections defined above. Furthermore, we always set 

"^0 = 'S'Co,... ,o),m 

for p' and m large enough. 

We use the notation 1 1 1 ■ 1 1 1 to denote the norm of a section of (M, 
That is, if T G H°{M, L™), then 



M 



\T\\l dVg. 



The following lemma [10, Lemma 3.2] is a generalization of the lemma of 



Tian ^ Lemma 2.2]. 

Lemma 2.2 (Ruan). Let Sp = Sp^ be the section constructed in the above 
lemma. Let T be another section of L"^. Near xq, T = /e^* for a holomor- 
phic function f. When we say T's Taylor expansion at xq, we mean the 
Taylor expansion of f at xq under the coordinate system (zi, • • • , Zn)- 

1. If z^ is not in T's Taylor expansion at xq, then 

(Sp,T),^=0{-)\\\T\\\. 

m 



2. // T contains no terms , such that q < p + a (1 < a < p' — n — p, 
and a is an integer. Recall that p = pi + - ■ ■ +Pn and q = qi + - ■ ■ + qn-) 
in the Taylor expansion at xq, then 



1 



(2-6) ^Sp,T),^=0{-^^, 



\T\ 



Proof: We only prove 2, since 1 is similar and easier. 
By Lemma we have the decomposition 

"^P.m ~ Sp^m + Up^m = Sp + Up 

with |||up||P = O(^). Thus 

by the Cauchy inequality. For the Sp part, we have 



I I— ym 



Ap /" , <~S'p,T>^^dV,^0{\)\p\\\T% 



where S'p = z^e^ for \z\ < and is zero otherwise. 
Let dVb be the Euclidean volume, i.e., 



dVo = {—^Tdzi A dzi A ■ ■ ■ A dzn A dzn- 

We have 

dVg > cdVo, a'" > ce-'"!^!' 
on U for a suitable constant c > and for m large. Thus we have 

By the simple combinatorial identity 



n+p ' 



(2.7) / Iz^l^e-'"!"! dl/o -- 

where P! = pi \ ■ ■ ■ pn^., we see that 



z-Ppa^dK > ci- 



/ \ ^ ^yq — IT — 

I I— ym 



for some number ci > independent to m. Thus by the definition of Ap, 
(2.8) Ap < ^m("+P)/2^ 



7 



In order to prove ( |2.6[ ), we then just need to prove 
Ap / , <S'p,T>f,^dVg = 0{^ 

Let 

(2g) =loga + \z\^ 

^ ■ r]{x) = logdetfi-^^. 

If |z| < then Im^l < Since 

|e™« - 1 - me ^-^"i'^^^r+l < m'^+^ler+^e'^l^l, 

((7 + 4)! 



we have 

Ap| 

'kl< 



Ap| / e-'"«+™l^l' < S'p,T>h^ (e"^« - 1 - 

(a + 4)!^ 4 je dVg\ 

(2.10) f 

< CAp / I < S'p,T>f,^ \m-+'\^r+'dVg 



<C\p. [ |z^|2m2-+i0|e|2-+i0e-m|.p^y 
where C is a constant independent to m. Using \m^\ < -S= again, we have 



Ap, / f |z-P|2m2'^+i0|eP'^+i0e-H^PdK = 0{^—) = 0{ ^[ ,J . 

Thus in order to prove the lemma, we need only to prove that for any 

k <a + A, 

Let e = ^1 + '^2 be the decomposition of ^ such that contains those 
terms of order less than or equal to Aa + 12 and .^2 contains those terms 
of order greater than Aa + 12. Using the similar method as above, we can 
proved that 

Ap / <S'p,T>h^m\{i^+i2)^-ei)e-"^^dVg = 0{^ 

J|z|<'°BZ? 771^2 

I I— ^/rn 

because \ + ^2)^ — ii \ < C/m2°"+^. Thus we only need to prove that 
Ap / < S'p, T >^,„ m^eie-'^^dVg = 0(^pr 

I I — ^ /m. 



for A; < £7 + 4. Let 

e'' = r]i+ r]2, 

where rji consists of the terms of order less than or equal to 4(T + 12 and 
r]2 = — rji. Then as above 

Ap / , <S'p,T>h^mWme-'^^dVo = 0{-^)\\\T\\l 

where cIVq is the Euclidean volume form. 
It remains to prove that 

Ap / , <S'p,T>,,^mW^,e-^^dV^ = 0{-^)\\\T\\\. 

Note that ??i is a polynomial of z and z whose number of terms is bounded 
by a constant only depending on a and n. Let 

(2.11) £!lm = Y.^ijz'z'- 

If |/| — I J| < cr, then by the assumption on T, 

< S'p,T>h^ m'^iuz'z-U-^^dVo = 0. 



/ 

J\z\< 



log m 



On the other hand, under the ii'-coordinates, in the expansion of there 
are no z^ or z^'z terms. Thus in ( 2.11 ), we must have \ J\ > 2k. If |/| — | J| > 
a > 1, then \ J\ > 1. So 

|/| + |J| - 2A; > cr + 2. 

Thus 



Ap / < S'p, T m^eiVie-'^^dVo 



<CXp. [ |z^|2m2fc|z|2(2fc+^+2)e-H^Pdyo|||r| 
The lemma follows from (|2.8D and the elementary fact that 



(2.12) / |zn^Nl^^e-NWo= /" + ^ + ^,-^rj . 

□ 

In the above lemma, if T itself is a peak section, then we have a more 
accurate result. Before going to the result, let's first define the weight and 
the index of a polynomial (resp. monomial, series). 

Definition 2.1. Let R be a component of the i-th order covariant derivative 
of the curvature tensor, or the Ricci tensor, or the scalar curvature at a fixed 
point where i > 0. Define the weight w{R) of R to be the number (1 + |). 
For example, 

9 



and 



3 



The above definition of the weight can be naturally extended to any monomial 
of components of the curvature tensor and its derivatives. If a polynomial 
(resp. series) whose any term is of weight i, then we call the polynomial 
(resp. series) is of weight i. 

More generally, we have the following definition of index. 

Definition 2.2. Let f be a monomial of the form 

u P-Q 

where is an integer or half of an integer, P, Q are multiple index, z^ 
and z^ are defined as in (^.5|), and g is a monomial of components of the 
curvature tensor and its derivatives at a fixed point. In the rest of this 
paper, a polynomial (resp. series) is always a polynomial generated by the 
monomials of the above form. Define the index of f by 

ind{f) = /X + w{g) - 

where p = Pi + ■ ■ ■ + Pn o-nd q = qi + • • • + Qn- We say a polynomial (resp. 
series) is of index i, if all of its monomials have the same index i. In 
that case, we say that the polynomial (resp. series) is homogeneous. The 
polynomials (resp. series) of index is called regular. 

It is easy to check that if /i,/2 are homogeneous polynomials (resp. se- 
ries), then 

ind{fif2) = ind{fi) + ind{f2). 

The regular polynomials (resp. series) form a ring under the addition and 
multiplication. 

When a polynomial (resp. monomial, series) contains no m or z's, the in- 
dex is the same as the weight. The following two lemmas give the motivation 
of the above definitions. 



Lemma 2.3. The Taylor expansion of the function 



a-det(9,^)e-l^^ 



at xq is a regular series. 

Proof: Consider the Taylor expansion of ^ and 77 in (p]D under the K- 



coordinates. It is not hard to see that the Taylor expansion of ^ is of index 
(—1) and the Taylor expansion of r/ is regular. Thus the Taylor expansion 
of + T] \s regular and so is the Taylor expansion of 

a'"detg„^e'"l^l' =e'"«+^ 

□ 
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Lemma 2.4. // 

Ai + --- + At 

is a polynomial of index i, then there is a polynomial B of index i — n such 
that for any p' > 0, 

[ A,e-^\^\"dVo + ■■■+[ Ate-^\'\'dVo -B = 0{\). 

Proof: Suppose that 

Ak = m^'gz^z^, 1 < k < t. 

If P / Q, then 

[ Ake-^\^^'dVo = 0. 

' '— ^/Trl 

If P = Q, then by pl2D , 

/ ^fce-"^l^l'dVb = Cm'^-^-'^g + O(^) 

I I— ^/m 

for any p' > where C is a constant. Since A^ is of index i, we have 

l2 + w{g) -p = i. 

Thus 

ind{Cm^^^^^g) = /j, — p — n + w{g) = i — n. 
The lemma is proved. 

□ 

Proposition 2.1. We have the following expansion for any p' > t + 2{n + 

p + q), 

(Sim^ 5q J = A(«o + - + ••• + ^ + 0(A))' 

where 6 = 1 or 1/2 and where all the Oi 's are polynomials of the curvature 
and its derivatives such that 

ind{a.i) = i + 5. 

In particular, the series is regular. Moreover, all ai,{l < i < t — 1) can 
be found by finite steps of algebraic operations from the curvature and its 
derivatives. 

Proof: The expansion of the function z^'^e^^^'^ has index — by 
Lemma Thus by Lemma 2A, there is a polynomial Bpq of index 

(~^T^ — n) of the form 

BpQ = So H \ \- 
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such that 



/ 

J\z\ 



Z 



In particular, m'^'^^Bpp will be regular. Furthermore, 

i5pp ~ — ^ 

for constant Cp 7^ by the same argument as in Equation (^]^). Thus the 
expansion of 



n+p 

m 2 



yBpp 



is regular and — expands as a regular series. The lemma follows 
from Lemma |2.2| and the fact that 



□ 

3. The Iteration Process 



The main result of this section is Theorem 3.1. In order to obtain the 
result, we basically use the iteration process in the numerical analysis for 
finding the inverse matrix of a given tri-diagonal matrix. 

Theorem 3.1. Let xq G M. Suppose {5o,5i,--- -iSd-i} is a basis of 
H°{M,L"') with Soixo) + and Sa{xq) = /or A = 1, • • • , (i - 1. Let 
(F^s) = ((5a, S's)/i^)(^, i? = 0, • • • ,d— 1) he the metric matrix. Let [Jab) 
be the inverse matrix of (Fab)- Then for any positive integer p > 0, we 
have the expansion 

= 1 + ^ + ^1/1 + . . . + ^P-l + ^((2p-l)/2) ^ Oi — ). 

Furthermore, (Tk{k = 3, 7/2,4, • • • , (2p — l)/2) are polynomials of weight k 
of the curvature and the derivatives of the curvature at xq . 

Remark 3.1. Although not needed, a more careful analysis will show that 
<y(k/2) = for all odd /c's. 

Before proving the theorem, we need some algebraic preparation. 

Definition 3.1. We say M = {M(m)} is a sequence of sx s block matrices 
with block number t G Z, if for each m, 

/Mii(m) ••• Mu{m)\ 



M = M{m) 



\Mti{m) ■■■ Mu{m)) 
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such that for 1 < i, j < t, is a a{i) x a{j) matrix and 

t 

i=l 

where a : {!,••• ,t} — > Z_|_ assigns each number in {1, ■ • • ,t} a positive 
integer. We say that {M{m)} is of type A{p) for a positive integer p, if for 

any entry s of the matrix M , we have 

1. If s is a diagonal entry of Mij(l < i < t) , then we have the the 
following Taylor expansion 

^ = l + - + --- + ^ + 0(^)- 

m rnP ^ rnP 

2. If s is not a diagonal entry of Mail <i<t), then we have the Taylor 
expansion 

s = —iso + - + ■■■ + + O — , 

where S is equal to 1 or ^; 

3. If s is an entry of the matrix Mij for which \i—j\ = 1, then s = 0{^^). 
In addition, if i ^ t or j ^ t, then we have the Taylor expansion 

. = i^(.o + ^ + --- + ^ + 0(^)), 
m" m mP mP 

where 6 is equal to 1 or ^; 

4. If s is an entry of Mij for which \i — j\ > 1, then 

s = 0{—). 

The set of all quantities (si/m, • • • , Sp-i/m^"^), or • • • , ^^V-i ) 

for s running from all the entries of where \i — j\ < 1 and i ^ t or j ^ t 
are called the Taylor Data of order p. 

Remark 3.2. Since Mij = 0(;^) for \i — j\ > 1, it can be treated as zero 
when we are only interested in the expansion of order up to p — 1. A matrix 
whose entries Mij = for |i — j| > 1 is called a tri-diagonal matrix. For such 
a matrix, we have a simple iteration process for finding its inverse matrix. 

The following proposition is a modification of the iteration process in 
the numerical analysis for finding the inverse matrix of a given tri-diagonal 
matrix. 

Proposition 3.1. Let M = M{m) be a sequence of s x s block matrices 
with block number t = p + 1 and be of type A{p). We further assume that 
M = M{m) is Hermitian positive. Let 

/Nu ■■■ Nit\ 
N = N{m) = : ■ ■ . : 

\Nn ■■■ Nu) 
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be the inverse block matrix of M{m). By the inverse block matrix, we mean 
the inverse matrix of the original matrix with the same block partition as that 
of the original block matrix. We have the following asymptotic expansion: 

(3.1) 

^(1/2) N^P-^^ ,.((2p-l)/2) 
iVii - iV^^ H -j^ H \ \ — -- H -iwa + — j. 

Furthermore, all entries of N^^/m°' , {0 < a < {2p — l)/2) are polynomials 
of Taylor Data of order p of M = M{m). 

We need the following elementary lemma. 

Lemma 3.1. Suppose 



M 



Mil Mi2\ 
M21 M22 J 



is an invertible block matrix which is Hermitian positive. Mf-^ = Mn, 
M22 and = ^21 ■ Let 

^^(Nii N12 
\N2l N22 

be the inverse block matrix of M . Then 

Nil = + Mi-/Mi2(M22 - M2iM^iMi2)-^M2iM^i. 
The proof of the lemma is elementary and is omitted. 

□ 

Proof of the Proposition: Suppose p = \. Then by Lemma 3J, we 
have 

Nil = + Mf/Mi2(Af22 - Af2iMf/Mi2)"^M2iMf/. 
Since M12 = 0{^), we see that 

Nil = Aff/ + 0{-) = E{cj{l)) + 0{-), 
m m 

where E{a{l)) is the ct{\) x ct{\) unit matrix. Thus the proposition is true 
in the case p = 1. 

Assuming that when p = k, the proposition is true. Let p = k + 1. Using 
Lemma 3.1, we have 

Nil = Af^/ + A'/r/(A//i2 Afi3 • • • Mi^k+2))M~\M2i ■ ■ ■ M^k+2)ifM^^\ 
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where by Lemma 3.1 



M22 



2{k+2) 



M 



{k+2)2 



( M21 



M(k+2){k+2)J 



Mf/ (M12 



M 



l{fc+2) 



) 



VM(fe+2)l, 

By the assumption, M = M{m) is a sequence of matrices with the block 
number k+2. Since M^i = 0{ ^Ij^^ )(r > 2), it is easy to see that M = M{ra) 
is also a sequence of block matrix with the block number fc + 1 and is of 
type A{k). Furthermore, we have 



(3.2) 
where 



N- 



1 



11 



Mf/ + Mf/Mi2iV^2^2iMf/ + 0(^^), 



N^2 



N' 

'^^(fc+2)2 



AT' 



N' 

^\fc+2){fc+2)/ 



is the inverse matrix of M. Then by the induction assumption, we have 



N'22 = n: 



(0) 



22 



+ 



(1/2) 



22 



m 



1/2 



+ 



N. 



'(1) 
22 



+ ••• + 



^^22 



k-l 



+ 



^/((2fc-l)/2) 
^^22 



where iV2^*/^V"^*^^(l < i < {2k 



^(2fc-l)/2 

l)/2) are polynomials of Taylor Data of 

order k of M = M{m). Thus N^'^^'^'^ /m'^'^{l < i < {2k - l)/2) must be 
polynomials of Taylor Data of order (A: + 1) of M = M{m). On the other 
hand, all the entries of the matrix M^^ are polynomials of Taylor Data of 
order (A; + 1) of M = M{m). Since M12 = O(^), the entries of A'^n are 
polynomials of Taylor Data of order {k + 1) of M = M{m) by ( |3.2D . The 
proposition is proved. 

Proof of Theorem |3.1| : For a multiple indices, define |P| = Pi + - • •+Pn- 
Suppose 

Vk = {Se H^{M,L"')\D'^S{xo) = Ofor IQI < A;} 

for k = 1,2, • • • , where Q G Z" is a multiple indices, and D is a covariant 
derivative on the bundle L"^. = {0} for k sufficiently large. For fixed p, 
let p' = n + 8p{p— 1). Suppose that m is large enough such that H^{M, U^) 
is spanned by the Sp^^s for the multiple indices |P| < 2p{p—l) and V^2p(p-i)- 
Let r = d — dimy2p(p-i)- Then r only depends on p and n. Let Ti, • • • , T^-r 
be an orthnormal basis of V2p(p_i) such that 

15 



for \P\ < 2p{p — 1) and a > r. Let s{k) = dimVfc for k £ Z. For any 
^ < i, j < p, let Mij be the matrix formed by {Sp^, Sq ^) where 2p{i — 2) < 
\P\ < 2p{i - 1) and 2p{j - 2) < \Q\ < 2p{j - 1). Furthermore, define Mj(p+i) 
to be the matrix whose entries are {Sp,Ta) for 2p(i — 2) < |P| < 2p{i — 1) 
and 1 < a < r. Define Mj-p^^^j to be the complex conjugate of Mj(p_|_x). 
Finally, define M(p_|,i)(p_|_i) to be the r x r unit matrix E{r). Then it is easy 
to check that M = (Mij) is a sequence of block matrices of type A{p) with 



the block number p + 1 by using Lemma |2.2| and Proposition |2.1| . 
Define an order > on the multiple indices P as follows: P > Q, if 

L |P| > IQI or; 

2. |P| = \Q\ and pj = qj but Pj+i > qj+i for some < j < n. 

Using this order, there is a one-one order preserving correspondence k be- 
tween {O,--- ,r- 1} and {P\\P\ < 2p{p-l)}. 
Define 

f S^', A<r-1 

Sa= { i^{A),m - 

[ Ta-t+i A>r 

Comparing the matrix M to the metric matrix Fab = ((5*^, 5"^)), {A, B = 
0, • • • , d — 1), by the choice of the basis, we see that 



{Fab) 



M 
E{d - 2r) 



where E[d — 2r) is the {d — 2r) x (d — 2r) identity matrix. If = {Nij) is 
the inverse matrix of M, then A'^n is an 1 x 1 matrix and 

/oo = A^ii- 

So Proposition gives the desired asymptotic expansion 

^0 = o-Q H 7-^ H \ 1 rrr H (o„ n/o + 

m^/2 m mP ^ my'^P" i mP 

Moreover, Proposition states that Okjm^ ^ [k = 1/2, • • • , {2p — l)/2) are 
polynomials of the Taylor Data of order p of M. By Proposition the 
Taylor Data for the inner products are reg ular. Thus (Tfc/m'=,(l/2 < A: < 
{2p— l)/2) are regular or in other word, is a polynomial of the curvature 
and its derivatives of weight k for k = 1/2, • • • , {2p — l)/2. 
It remains to show that 

o"o = 1, 0-1/2 = 0-1= 0-3/2 = 0-2 = 0-5/2 = 0. 

This can be seen using the following argument. Let ^o, 5*1, •• • , S^-i be a 
basis of H^{M, L™). We suppose that Sa{xq) = for A = 1, • • • , d - 1. 
We also assume that {So,Sa) = for A > 1. Let c = {So, Si). Then 
/oo = (1 — By Lemma we see that c = 0(^72). Thus /qo = 

^ + o{^). 
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4. Proof of Theorem 



1.1 



In this section, we prove Theorem 1.1 except that we postpone the com 



putation of the 03 term to the next section. The method of computing the 
03 term is the same as that of aj for j = 0, 1, 2. We put it off to the next 
section due to the complexity in the computation. 



By Theorem and Equation (|2.1[) , we just need to estimate 



(4.1) |A(o,..,o)|-2= / , a-dK 



log m 



to the term from which the first three coefficients oq, ai and 02 can 

be calculated. 

First we define our notations in the following equations ( [4. 21) - (|4.6|). 
The curvature tensor is defined as 

^ ' dzkdzi dzu dzi 

' p=l q=l " ' 

for i, j,k,l = 1, ■ ■ ■ , n. The Ricci curvature is 

n 

(4.3) % = - E 9''R^3kl 

k,l=l 

for i, J = 1, • • • , n, and the scalar curvature is the trace of the Ricci curvature 

n 

(4.4) p=Y,g^Ri-y 

The covariant derivative with respect to ^ of the curvature tensor is 
defined as 

Q n n 

(4-5) Rf)kl,p ~ 'oT'RfJkl ~ E ^ipRsJkl ~ E ^kpRijsp^ 



s=l 



where F^^. = Yl'^=i9^^^^ Christoffel symbol. Higher derivatives are 

defined in the similar way. Finally, the Laplace operator is denoted by A: 

n n _ 
1=1 j=l ■' 

As will be made obvious, in order to estimate |A(o,... ,o)l~^ up to the term 
^l+i , we must use the Taylor expansion of log a up to degree 6 and the Tay- 
lor expansion of log det up to degree 4. Suppose we have the following 
expansions at xq: 

\oga = + 64 + 65 + 66 + 0(1-^1^) 

(4.7) 

logdet(5„^) = C2 + C3 + C4 + Od^n, 
17 



(4.8) 



36 oziOZkOZpOZjOziozg 



where 64, 65 and eg are homogeneous polynomials of z and z of degree 4,5 
and 6, respectively and C2, C3, and C4 are homogeneous polynomials of degree 
2,3 and 4, respectively. Then a straightforward computation gives 

64 = -jRfjijZiZkZjZi 

65 = —Yl-^i]kl,p^'i'^kZpZjZl — i2Rijkl,q^i^kZjZlZq 

^6 = ~M(^ijkl,pq + ^ispgR.sJkl + ^kspqRsJij 
~\~ RiskqRg'jpJ ')ZiZkZpZjZlZq 

where ee is the (3,3) part of eg, i.e., 

1 log a 

66 = 
and 

r 62 = -RijZiZj 

(4.9) <^ 63 = -\Rq^kZiZkZj - ^R.jjZiZjZi , 

I C4 = -i(%,fcl + Ri^k-iRs-j)ZiZkZjZl 

where £4 is the (2, 2) part of C4. Here -Rjj;.^ etc denote the value Rq^iixQ). 
Considering the function e'^(i°g'='+l^l')e'°'5'^''*^-/^, by (0), we have 

gm(loga+|2p)glogdetg^j _ ^m{eA+e5+eQ+0{\z\'')) ^C2+C3+ca+0{\z\^) 

= (1 + m(e4 + 65 + 66) + ^m2(el) + 0(- • • )) 

(l+C2 + C3 + C4 + ^(ci) + 0(|z|5)) 

= 1 + m(e4 + 65 + ee) + ]^m^{e\) 

+ C2 + mc2e4 + C4 + ^(02) + 0(- • • )), 

where 0(- • • ) represents the sum of terms, each of which is less than a 
constant multiple of m^^\z\^ for some /u and t such that t — 2/u > 4. Those 
terms will not affect the value of Oj, z = 0, 1, 2 and can be omitted. 

Let (/3 be a function on a neighborhood of the original point of C". For 
large m, define 

(4.10) K{^)= [ ife-'^^'^'dVo. 

' Vrn 

Since the functional K is an integration against a symmetric domain, we 
have -^^(65) = 0. Thus 

(4.11) = ^(1) + mK{e4) + mK{eQ) + ]^w?K{el) 

+ K{c2) + mK{c2eA) + K(ci) + Ik{cI) + O(^). 

18 



We need the following combinatorial lemma and its corollary which greatly 
simplified our computation in this paper. In fact, it makes our computation 
feasible. 

Suppose t > is an integer. A function ^ on {1, • • • , n}^ x {1, • • • , n}P is 
called symmetric, if 

A{a{I)MJ))=A{I,J) 

where {1, • • • , n}^ and a, ?? G S, the transformation group of {1, • • • , n}. 

For the sake of simplicity, we set Ajj = A{I, J). 

Lemma 4.1. Let A be a symmetric function on {1, • • • , n}P x {1, • • • , n}^. 

Then for any p' > 0, 

^ p!(n + p + g-l)! 1 ^ 

VZ^ ^'^^(p + n-l)!m"+P+9 ^mP'^' 

where / = (ii, • • • ,ip), J = (j^, • • • , j^) and 1 < ii, • • • , ip, ji, • • • ,jp< n. 

Proof: Fixing / = (ii, • • • , ip), suppose 

r- . . . — rP-'- . . . v'P^ 

Then 

i=l 

It is easy to see that if (t( J) / / for any cr G S, then 



On the other hand, if o"(/) = J for some o" G S, then the number of J's such 
that (t(J) = / is p^if'p I . Thus by ( 2.12| ), we have 



^ /V^^ . ff!(n + p + g- 1)! 
J {p + n-iy.m/'+P+'i' 

The lemma is proved by observing that 

/log_m-,2 -2 1 

e-™(w) = e-(i°s™) = 0(-!^) 

19 



for any ^ > 0. 

□ 

Our prototype of function A is the curvature tensor (Rj-ji^i), which is 
symmetric. However, in most cases, we encounter functions which are not 
symmetric. Thus the following corollary is useful. 

Corollary 4.1. Let A be a function on {1, • • • , n}^ x {1, • • • , n}^ (not nec- 
essarily symmetric). Then for p' > 0, 

T T ^ \z\<i 1=^ 



I,J 



flVV^ )^1^^1±P±1^:^ + o(—) 



Proof: The symmetrization of A is 



(y\\2 ^<t{/),,7(J)- 



Using Lemma 4.1, we have 



I, J -^I^I^^TfT 

= E/ , A,^-jz.,...z,^zJ---zj;\z\'^e-"^\^\'dVo 
^ p!(n+p + g-l)! 1 . 

The corollary then follows from the elementary fact that 



E ^IJ ~ E (nj\)2 E ^fT(/),r?{J) - j,I E E "^<7{7),<7{7)- 
I I a,rj£Yl ^' I o-eE 



□ 
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Proposition 4.1. We have 



1 



K{1) = — + 0( — T^) 
11 1 

"^^(^6) = -^(-Ap + 2\mc\' + \R\')^, + o(^) 

mK(c2e4) = -^(p2 + 2|i?ic|2)-i- + 0(- ^ ^ 



2^ II ^7n"+3' 

2 2 m"^^^ mr^'^ 

K{c,) = -\{Ap-\Ric\^)-^ + 0{- ' 



2^ ' ' ^m"+2 ^m™+3' 
Proof: We consider mK{e4) first. Since 

_ 1 

64 — ^^Rijkl^i^kZjZi, 



by using Lemma 4.1, we have 



1 2' 111 1 

mKie^) = m(--R.7,-7 -tt) + 0( pr) = -p -r + 0(- 



Similarly, we can prove the formulas for K {1) , K (02) , mK (cq) and K{c4^). 
Next we consider ^m?K{e1). We have 

2 _ 1 

64 — ':^Rijf^RpqrsZiZkZpZfZ jZlZqZs- 



Xism.g Corollary 4.1, we have 



4! 1 

+ ^RiiikRkifi + RiikiRiiik) ^-n-i-A + 



MjTc kjll ' ijkl jilk' ^n+A ^ ^ujU+S ' 

hp^+A\Ric\' + \R\^)-L^+Oi-l ~ 



The remaining terms can be treated in the similar way. 

□ 

Proof of Theorem |Tl]. By Equation (|2]l|) and (U) we know that the 
left hand side of Equation ( |l.lD is equal to 

-foo|A(o,...,o)|^- 
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By Equation (4.1), we see that 

I \ |-2 _ 

l'^(0,-,0)l — 



where + 7] = d"^ det g^-^e^^^^^ 



is a regular series by Lemma Thus by 
Lemma 2.4, we have an asymptotic expansion of |A(o,-- ,o)l~^ of index (—n) 



whose each term can be represented by the polynomial of the curvature 
and its derivatives. Combining this fact to Theorem we know ah the 
Qi's must be polynomials of the curvature and its derivatives of weight i. 
These terms can be obtained by finite many steps of algebraic operations. 
Moreover, by ( 4.11| ) and and Proposition iA, we see that 



(4.12) 



,0)1 



1 



m" 



(1 



1 1 

2 m 



1 
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4\mc\'-3p'))+0{-^)) 



m 



from which ao, ai, 02 can be calculated by the above equation as follows: 



ao 
ai 

This completes the proof of Theorem |1.1| except for the 03 term. 



|Ap+^(|i?|2-4|i?ic|2 + 3p2). 



□ 



5. Computation of the 03 Term 
In this section, we compute the 03 term. The first step is to compute 



in the expansion of Theorem 3.1 



Theorem 5.1. With all the notations as Theorem 3.1, we have 



crs = \\D'p\', 

where p is the scalar curvature of the metric g and \D' p\'^ = ^ 
local normal coordinate system. 



under 



Proof. Let 

V = {S£ H^{M,L"')\S{xo) = 0,DS{xo) = 0}. 
Then H<'{M,L"^) is spanned by So = Sfo ... = ^fi,... ,o),rn' 

^ and V, where {Sp^} are defined in Section 2 as peak sections. 



qP 



Let Ti, • • • , Td-n-i be an orthonormal basis of V with d = dim H^{M, U 
The metric matrix {Fab) can be represented by block matrix 

1 M12 Mi3^ 

M21 M22 M23 
,M3i M32 E 
22 



where Mu = {{So, Si), ■■■ , {So, 5„)), M22 = {{Si, Sj){l <i,j< n)), M13 = 
{{So, T^),l <a<d-n-l), M31 = Mfg), M23 = ((^^, T,), 1 < ^ < n, 1 < 
a<(i — n — 1), ii^is the unit matrix and = -Fba- 

A straightforward computation using Lemma 3A shows that 

/oo = 1 + (M12 M13) (^^21 

where 

By Lemma |!2[ M12 = 0{:^) and M13 = 0{-^). Thus we have 

(5.1) /oo = 1 + M12M21 + O(^) = 1 + V |(5o, Si)\^ + 
By the definition Si{0 < i < n) , we have 

(5.2) (So,5,) = A(o,..,o)A(o,..,i,..,o) / , z.a-dF, + ©(^^ )• 
It is easy to see (cf. [^) that 



IV-a.-,o,r^ = ;;^(i + 0(-)). 



L 

n+l 



,2 1 



On the other hand, since 

loga = -\z\'^ + ^Rf^ZiZjZkZi + 0(|; 
and since 

logdetc/.j = -RfjZiZj + 0(|z|^), 

we have 

1 /" 2 1 

where dVo is the Euchdean volume form. 
Thus by Lemma 4.1, we have 

(5-4) / , -Zia^dV, = -\-^Jl + 0{^)). 



\-A< 



logm y 2m"+2 



Using (IJ), (U), (U) and (U), we see that 

^3 = \\D'p\''. 
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We now estimate 



□ 



|A 



(o,-,o)l 



1-2 



'kl<- 



to the term —kw^ from which 03 can be calculated. 

We define our notations in the following equations in addition to Equa- 
tion Q- fH). 



(5.5) 



En 
i,j,k,l=l 

En 
i,j=l 



\R\' = 

|i?ic|2 

\D'p\' = 

\D'mc\' = Eh,,=i\ 

I n' 7?|2 _ 
div div (pRic) = 



En I tip 1 2 



I R - -|2 



R - |2 
Iff- |2 



R{Ric, Ric) = J2i,j,k,i=i Rijki^fAk 
Ric{R, R) = Yllj,k,i,p,q: 

= Yli,j,k,l,p,q 
(^2{R) = YA,j,k,l,p,q 

a^iRic) = J2lj,k. 



f? — 7? — 7? - 

1 ij jkpq^kiqp 

=1 Rfjkl^lkpq-Rqpji 
=1 Rijkl^piqk'Rjplq 



=1 ^ij^jk^kii 



where represents the covariant derivative in the direction 

In order to estimate |A(o,... ,o)l~^ up to the term 1 must use the Tay- 
lor expansion of log a up to degree 8 and the Taylor expansion of log det g^j 
up to degree 6. Suppose we have the following expansions at xq: 



(5.6) 



log a = + 64 + 65 + 66 + 67 + 68 + 0{\z\^) 

logdet(5.j) = C2 + C3 + C4 + C5 + C6 + 0{\zf), 



where 64, 65, 65, 67 and eg are homogeneous polynomials of z and z of 
degree 4,5,6,7 and 8, respectively and C2, C3, C4 C5 and cg are homogeneous 
polynomials of degree 2,3,4,5 and 6, respectively. 

Considering the function e'^*^^°^°"'"l^l^)e'°^'^^*^'^^, by (^), we have 
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gm(log a+|z|2)glogdet3.j 
_ gni{e4+e5+e6+e7+e8+0(|2|^))gC2+C3+C4+C5+C6+0(|2;|^) 

= 1 + m(e4 + 65 + 66 + 67 + 68) + ]^m^{e\ + 65 + 26465 + 26465) 

+ ^m^64 + C2 + mC2(64 + 65 + 65) + ^"1,^6264 + C3 + mC365 + C4 
+ mC464 + C5 + 66 + ^rnclci + ^(C2 + 63 + 26263 + 26264) 

where 0{- ■ ■ ) represents the sum of terms, each of which is less than a 
constant muhiple of m^\z\^ for some fi and t such that t — 2fj, > 6. Those 
terms will not affect the value of 03, and can be omitted. 

Let K{(p) be the functional defined in Equation ( [4.1C1| ). We have ^(65) = 
K{er) = K{c2) = K{cr,) = ^(6265) = ^(6263) = 0. Thus 

|A(o,...,o)r^ = E:(6™(l^l'+'°s'^)e'°s'i^*30) 

= K{1) + mK{ei) + mK(e6) + mK{es) + ]WK{el) 

+ \m^K{el) + m^Kie^ee) + lm^K{el) + i<"(62) + mE:(6264) 
2 b 
(5.7) 1 

+ mK{c2eQ) + -m'^K{c2el) + mK{cze^) + -fC(e4) + 771,7^(6464) 

+ K(66) + ^777^(6264) + \k{cI) + ]^K{cl) + 7^(6364) 
+ ii^(6i)+0(---). 

Suppose ^ is a homogeneous polynomial on C": 

A = ^Aj^zizj, 
i,J 

where zj = Zi^ - ■ ■ Zi^ and zj = Zj^ ■ ■ ■ zj^ for / = (ii, • • • , ip) and J = 
(ji, • • • ,jp)- Define 

/ 0-6S 

Sometimes we also use L{Ajj) to denote i(^). For example, 
L{R^jfriZiZkZjZi) = L{Y^ ^iijj^ ~ scalar curvature. By Lemma 
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and Equation (5/7), we have 
(5.8) 

-2 



lA 



(o,-,o)l 
1 



J^(l + l(2L(e4)+L(c2)) 



+ ^(6L(e6) + 12L(ei) + 6L(c2e4) + L(c^) + 2L(c4)) 

+ ^{L{4) + 3L(c^) + 6L(C2C4) + 24L(c4e4) + 12L(c^e4) + 60L(c2el) 
+ 120L(el) + 120^(6466) + 24L(c2e6) + 24L(c3e5) + 60L(e^) 
+ 6L(c6) + 24L(e8)) + 0(^)). 

Proposition 5.1. With all the notations as above, we have 

L{4) + 31(4) + 6L(c2C4) + 24L(c4e4) + 12L(c|e4) + 60L(c2e^) 
+ 120L(el) + 120L(e4e6) + 24L(c2e6) + 24L(c3e5) + 60L(e^) 
+ 6L(c6) + 24L(e8) 

(5-9) = -IaAp+1\D'p\' + \\D'mc\' - + lpAp+ 

- ^P' - + ^p\R\' - ^a,{R) + la2(i?) + ^a-siRic) 

+ ^R{Ric, Ric). 

We postpone the proof of this proposition to the Appendix of this paper. 

□ 

Proposition 5.2. We have 

div div {R, Ric) = -Rgp.j - 2\D'Ric\^ + 

— R{Ric, Ric) — a^{Ric) 
div div (pRic) = 2\D'p\'^ + R^jp-j + pAp 

A|iZ|2 = -2R..^^R.-^ j^j + 2\D'R\^ + Aai{R) - 2a2{R) + 2Ric{R, R) 
A\Ric\'^ = 2\D'Ric\'^ + 2Rgp.-^ + 2R{Ric, Ric) + 2a3{Ric) 
Ap^ = 2\D' p\'^ + 2pAp. 
Proof: A straightforward computation. 



□ 



From ( 4.12 ), we know 



lA 



(o,-,o)l 



m" 



1 1 

2 m 



'-Ap+—{\R\ 



1 



A\RicY -?,p'))^ + 0{ 



1 



mpl'^ 

The term 03 can be computed from Proposition ^.1| , Proposition |5.2| , Theo- 
rem Equation (2J), ( |2.2| ), ( ^^ ) and the above expression. 
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□ 

Example 1. Let M = CP'"', L = 0(1) be the hyperplane bundle. For any 

m, 



(m + ")!^p 



for P G with \P\ = m form an orthonormal basis of H^{M, U 
this we see that 



\P\=m 



{m + n)\ p 2 (m + re)! 

-2- \\h ~ 



P\ 



= m"(l + ln{n + 1)— + ^n{n + l)(n - l)(3n + 2)^ 
2 m 24: 

+ ^n\n + lf{n - l)(n - 2)^3 + 0{—^)). 



Using 



Corollary 5.1. Riemann-Roch Theorem can be recovered from Theorem 1.1, 
at least asymptotically. Integration against M on both side of (LI) gives 

dimH°(M,L"') = mJ'ivoliM) + -cAM) — 

2 m 



1 



1 



1 



1 



1 



+ TTt(c2 + 4)-, + -:CiC2-, + 0(-v)). 



12 
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□ 



6. Appendix 



In this Appendix we prove Proposition 5.1. Using the notations as in the 
previous sections, it is sphtted into the following 13 claims. 



Claim 1. 



Proof: 



Claim 2. 



L{cl) = -\{p'^ + 3p|ffic|2 + 2c73(i2ic)). 
o 



+ ^ik^kpRpi + RipRkiRpk + RipRkk^pi) 

= -l{p^ + 3p\Ric\^ + 2a3iRic)). 
6 



3L(c|) = \D'p\^ + ^\D'Ric\^. 
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□ 



Proof: 

3L(ci) = 

= l{2\D'pf + \D'Ricf). 

Claim 3. 

12L(cie4) = - 2R{Ric, Ric) + Aa^iRic) + 5p\Ric\'^). 
Proof: 

12L(cie4) = -3L{R.jf^^RppRrr) 

~ (^ilkk^PP^rr + ^iikk^Pr^rp + Rfikp^pk^rr + Rfikp^pr 
+ ^iikr-^pk-^rp + ^iikr^PP^rk + ^ikkp-^pi-^r + ^ikkp-^Pr-^rl 
+ ^ikkr^pi^rp + ^ikkr^PP^ri + ^ipkrRpiRrk + RipkfRpk^ri) 

= h^p^ - 2R{Ric, Ric) + AasiRic) + 5/9|i?zc|^). 
Claim 4. 

6L(c2C4) = ^pAp + ii.jpj.j - ^p|i2icp + ii:(i?ic, i?ic). 

Proof: 

6L(C2C4) = + 

= 2^RpP^^ii,kk + ^irkk^ri) + '^^pk^^ii ,kp + ^irkpRri)) 

= ^{pAp - p\Ric\'^ + 2R^-^pkp + 2R{Ric, Ric)). 

Claim 5. 

120L(el) = ^ + lp|i?|2 - ^R{Ric,Ric) 

+ ^i?ic(i?,i?) - - ^<J2iR) + ^(T3iRic). 

Proof: Suppose 

"^kkifhppirfi ^ ^{Rkklih^^VPirn)- 

Noting that \-%^ii-^j^^rri ™^ symmetric, we have 
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'^^^iijj'^kkllpprr^ ^^^'^iijj''^kkllpprr ~^ ^'^iijk''^kjllpprr 
ij'fci jilkpprr ' ijkl jipplkrr'' 

We compute the above expression term by term as follows: 
1 
6 

1 



(6.2 



^kkllppr-r ~ A^kkll^PPrr + '^^krll-^pprk + ^krlpRpkrl) 



(6.3) 



(6.4) 



-(/,2 + 4|ffic|2 + |i?|2). 

■^iijk^k~jUpprr ~ ~-^jk^i^kJU^PPrr) 

~ ~ Q-^jki^kJU^PPrr + ^kjlp^plrr + ^kjlr-^pprl 
+ ^kllp-^pjrr + ^kllr^pjrp + ^kplrRpJrj) 

= --plRicl^ + -R(Ric,Ric) - -as(Ric) - -Ric(R,R). 
6 3 3 6 

^ijkl^jilkpprr ~ Rijkl'^i^jak^PPrr) 
~ Q^iJkli^jilk^PPrr + RjilpRpkrr + ^jilr^pkrp 
^jklp-^pirr + ^jklr^pirp + ^Mr^pirk) 

= -^p\R\^ - '^RiciR,R) + ^a2(i?). 

^ijkl^jippikrr ~ ^ijki^^^jipp^lkrr) 

~ Q^ijkli^jipp^lkrr + ^jipk^lprr + ^jipr^lprk 
+ Rjppk^Urr + RjPPrRfirk + Rjkpr^lirp) 

= -R{Ric, Ric) - -Ric{R,R) + -(Ti{R). 
3 3 3 



(6.5) 



Thus by (|6.2D through (|6.5D, we have 



^(^^liJ^mlpp..) = Y^(- g/' - - -p\R\' + AR{Ric, Ric) 



4:Ric{R,R) + ^(Ti{R) + l(T2{R) - lasiRic)). 



Claim 6. 



24L(c4e4) = -^pAp + ^plRic]"^ - Ripp^j 

1 1 
- R{Ric, Ric) + -^RipkvRpirk + 4^^c(ii, R). 
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Proof: 

24L(c4e4) = 24L((C4) -^fc(e4)pprr) 

= 4(c4)ilfcfe(e4)pprr + ^C^) ipkki'^^) pirr + 4(c4)ipfcr (e4)pl,fc 

+ '^Ripkr{Rpi^rk + ^park^ai)) 

- R{Ric, Ric) + ^RipkrRplrk + ^-R^c(-R) -R)- 
Claim 7. 

24L(c2e6) = -^pAp - ^i?,.jPir + ^p|-R^cp 

1 1 
+ - R{Ric, Ric) + -Ric{R, R). 

Proof: 

24L(c2e6) = -24{Rrr{ee)ak-kpp) 

= —^{Rrr{e6)iikkpp + ^Rrii^G)kkppir) 

= ^p{-Ap + 2\Ricf + \R\^) 

+ 2^-Rrii~Pir + RksifRskpp + ^PsirR-spkk + ^ksprRgkip))- 

Claim 8. 

11 1 

120L(e4e6) = J^P^P + ^^krPrk - l^pkfRplrk 

- ^p|i?icp - Y^p\R\'^ + R{Ric, Ric) - ^Ric{R, R) + ^ai{R). 
Proof: 

-L(e4e6) = Y^{ie4)iikki^6)i-ipp,r + ^i^4:)rijjie6)kkppir + 3(e4)jpfer (e6),7p7rfe) 

= -^{-p{-Ap + 2\mc\' + \Rf) 

+ Q{ — Rri){ — Prk + ^ksirRskpp + RpsifRspkk + RkspfRskip) 
+ '^Ripkr{—Rpi^rk + ^Isrk^slpl + ^psrk^slfl + ^Ispk^slrt)) 

= Y^iP^P - MRicf - p\Rf + 6i?fe^p^^ + 12i?(i2zc, i^zc) 
- 6ii:ic(i?, i?) - SRipkrRpi^k + - 3ii:^c(i2, i?) + 3(71(7?)). 
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Claim 9. 

+ R{Ric, Ric) - asiRic) - ^Ric{R, R). 
Proof: We use the definition of ^^Mpprf Claim 5. 



L{c2e\) — i^ii^kkllpprr + ^-^jk^kjllpprr) 

80^6^ 3'^' ' 6^^ ' 

4 2 4 

- -R{Ric,Ric) + -Ric{R,R) + -as{Ric)). 
o o o 



Claim 10. 
Proof: 



24L(c3e5) = - iD'Ricl"^. 



24^(0365) - {Rfi^k^pprr,! + ^iP,kRpirr,k) 

= -\D'p\^ - in'Rici"^ 



Claim 11. 

60L(e|) = ^(3|LiVp + 6\D'Ric\'^ + \D'R\'^). 

Proof: 

120 

~ Y^('^^njj,k^pprr,k + ^^ujp,k^p'jrr,k + ^ipjr ,k^pir'] ^) ■ 

Claim 12. 

12 1 
6L(c6) = --AAp + - -R..^^R.^,^_ 

2 12 1 

+ -|r»'i?zcp - -Ric{R,R) + -R{Ric,Ric) + -(73(i?ic). 

o D o o 

Proof: Suppose we have the Taylor expansion of the function log a 
the local K-coordinates: 

logo = + {e4)ijki^iZkZjZi + {ei^)fjkipZiZkZpZjZi 

+ i^f)i-jklq^i^kZjZlZq + {h)fjklpqZiZkZpZjZlZq + 0{\z\'^) 

+ (2, 4) + (4, 2), 
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where (r, s) G N represents the sum of terms of the form azjzj such that 
|/| = r, I J| = s. Those terms are irrelevant to the computation of 03 and 
need not to be written out exphcitly. Thus we have 

9ij = ^ij - Me4)--j^jZkZi - Q{ei^)ijklp^kZpZi - Q{ef)i]klq''kZiZq 
- ^{^e)i]km^kzpziz, + 0{\zt) + (1,3) + (3, 1). 

Thus the inverse matrix g'^^ satisfies 

g'^ = 6ij + 4(64) fikjzkzi + G{e'i^)jMpZkZpZi + 6(ef 

(6.6) + 9{ee)fi,,-ipqZkZpZiZg + 16(e4)jspg(e4)^M^P^9^fc^' 
+ 0(|z|5) + (l,3) + (3,l). 

On the other hand 

logdetc/.j = {c2)ijZiZj + {c^rl^)ij^ZiZkZj + {cf^).jiZiZjZi 

+ {c4)ij^jZiZkZjZi + {c'i^'^).-j,^j^ZiZkZpZjZi 

+ (^f){jklq''i^kZjZlZq + [cq) ^j^jj^-ZiZkZpZjZlZg + 0{\zf) 

+ (1, 3) + (3, 1) + (1, 4) + (4, 1) + (1, 5) + (5, 1) + (2, 4) + (4, 2). 
Consequently 

- R^l = logdet(<7,^) = (C2),J + 2(4^)),.,Zfc + 2{c^^\-jjZi 

(6.7) ^ ^(^4)ijfcl^fc^/ + 6(4^^ )i]klp'^kZpZl + 6(cf ^ )iJklq^kZlZq 

+ %^^)qkipir'kZp-zi-z^ + 0{\zf ) + (0, 2) + (2, 0) + (0, 3) + (3, 0) 
+ (0,4) + (4,0) + (1,3) + (3,1). 



Using ( p^ ) and (|6.7D , we have 

- ^g^J^^Zl^-^ZkZpZlZg = 9iCe)-f,Jj,gZkZpZlZg + 16(64) fiJ,-l{C4)iJp-gZkZlZpZg 

+ %C2)fj{h)fik-lpgZkZlZpZq + l2{c^^^)^-^^{ef).j^-i-ZkZiZpZq 

+ ^'^icf^ )i3qi4^ )jik-lp^kZpZlZq + 16(c2)ij(e4)j5pg(e4), -fcjZpZgZfcZ/ . 

Thus 

1 5^/9 3 1 / 2 

~ Idz'^&Z^dzPdzP ^ ^^^^^iikkpp ~ l^fiPij + 2^fipk^ij,kp " 1"^ ^'^^\ 



1 1 
+ -Ric{R, R) - R{Ric, Ric) - -a2,{Ric). 



Since 



9^ - d'^p d^p 
- Qz^dfzk ^^^^ dzPdzi'' ~ dz^dz^dzPdzP ^ ^'^p^p'^' 
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We have 

11 3 1 



Thus 



\D'Ric\^ + ^Ric{R,R) - R{Ric,Ric) - ^asiRic). 



^^^)iikkpp 36^^^ ~'~ O^*-''^*-' l^^jipk^ij,kp 

+ i|L»'i?icp - ^Ric{R, R) + ^R{Ric, Ric) + ^a3{Ric) 



□ 



Claim 13. 

V »/ 24 12 8 24 3 ^^p^ 

+ \Ric{R,R) - ^R{Ric,Ric) - ^ai{R) + ^a2{R) - ^asiRic). 
12 12 12 

Proof: A tedious but straightforward computation shows that 
g^logdetg.j _ d^Qij 

^'^PdzPdz^dz'^dz^ ' III ^ ' ^ 

+ 2ai{R) + 2CT2(i?) - 2a3{Ric). 

Thus using Claim 12, 

24^68 = AAp - W\D'Ric\' - IR^^p^ + m^^,^R,-^ -, 

2 



?,\D'R\^ + mic{R, R) - WR{Ric, Ric) 
Wai{R) + 2o-2(i?) - iasiRic). 



□ 



Proposition 5.1 follows from the above claims. 
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